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3.3.1 2D Multiresolutions
Separable multiresolutions. A 2D separable multiresolution analysis of L2(R2) is obtained
from a 1D muliresolution {Vj}j of L2(R) as follow

Vj ⇤ Vj = {f(x1)g(x2) \ f ⌅ Vj , g ⌅ Vj} .

For each j ⌅ Z, this tensor product approximation space is generated by tensor product of scaling
functions

Vj ⇤ Vj = Span{�C
j,n}n⇥Z2 .

where
�C

j,n(x) =
1
2j

�C

�
x � 2jn

2j

⇥
and �C(x) = �(x1)�(x2).

This construction extends to multiresolutions of L2([0, 1]2) by restricting the indices to

j � 0, and 0 � n1, n2 < 2�j .

2D consistent discretization. An analog image f0 ⌅ L2([0, 1]2) is sampled on a discrete grid
{(n1, n2)2J}N0�1

n=0 of N = N0 ⇥ N0 pixels, where N0 = 2�J .
Similarly to the 1D setting (3.9), we assume a consistency between the sampling scheme and

the scaling function, such that for an image f ⌅ CN of N pixels

⇧ 0 � n1, n2 < N0, f [n] = aJ [n] = �f0, �C
J,n . (3.16)

Wavelet coe⇥cients of f0 can then be computed from the discrete signal f ⌅ CN .

Haar 2D multiresolution. For the Haar multiresolution, one obtains 2D piecewise-constant
Haar approximation. A function of Vj ⇤Vj is constant on squares of size 2j ⇥2j . Figure 3.11 shows
an example of projection of an image onto these 2D Haar approximation spaces.

Figure 3.11: 2D Haar approximation.

3.3.2 Anisotropic 2D Wavelets
Anisotropic basis. A separable (anisotropic) wavelet basis is obtained from a mother wavelet
function ⇥ as follow

⇥j1,j2,n1,n2(x) = ⇥j1,n1(x1)⇥j2,n2(x2).
It corresponds to an orthogonal basis of L2(R2) or L2([0, 1]2) with periodic boundary conditions.

Anisotropic wavelet coe�cients. Anisotropic wavelet coe⇥cients of f0 ⌅ L2([0, 1]2) are com-
puted from f ⌅ CN as

⇧J < j2, j2 � 0, ⇧ 0 � n1 < 2�j1 , ⇧ 0 � n2 < 2�j2 , �⇥j1,j2,n1,n2 , f0 = �⇥̄j1,j2,n1,n2 , f (3.17)

where ⇥̄j1,j2,n1,n2 generates a 2D discrete anisotropic wavelet basis of CN , that is also a tensorial
basis

⇥̄j1,j2,n1,n2 [x] = ⇥̄j1,n1 [x1]⇥̄j2,n2 [x2],
where ⇥̄j1,n1 is a 1D discrete wavelet vector, defined in (3.10).

Multirésolution

échelle 2j entre j = 8 et 5
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where a ⇤ CP⇥P and b ⇤ CP are matrix and vectors. The notation ⇥H 2 accounts for sub-sampling
in the horizontal direction

(a ⇥H 2)[n1, n2] = a[2n1, n2].

One then applies 1D vertical filtering and sub-sampling to ãj and d̃j to obtain

aj = (ãj ⇤V h̃) ⇥V 2,
dV

j = (ãj ⇤V g̃) ⇥V 2,
dH

j = (d̃j ⇤V h̃) ⇥V 2,

dD
j = (d̃j ⇤V g̃) ⇥V 2,

where the vertical operators are defined similarly to horizontal operators but operating on rows.

Figure 3.17: Forward 2D filterbank step.

Coe⇥cients aj Transform on rows Transform on columns

Figure 3.18: One step of the 2D wavelet transform algorithm.

These two forward steps are shown in block diagram in Figure 3.17. These steps can be applied
in place, so that the coe⇥cients are stored in an image of N pixels, as shown in Figure 3.18. This
gives the traditional display of wavelet coe⇥cients used in Figure 3.16.

Fast 2D wavelet transform. The 2D FWT algorithm iterates these steps through the scales:
Input: signal f ⇤ CN .
Initialization: aJ = f .
For j = J, . . . , j0 � 1.

ãj = (aj�1 ⇤H h̃) ⇥H 2,
d̃j = (aj�1 ⇤H h̃) ⇥H 2,
aj = (ãj ⇤V h̃) ⇥V 2,

dV
j = (ãj ⇤V g̃) ⇥V 2,

dH
j = (d̃j ⇤V h̃) ⇥V 2,

dD
j = (d̃j ⇤V g̃) ⇥V 2.

Output: the coe⇥cients {d�
j }j0�j<J,� ⌅ {aj0}.

The code 5 implements this 2D FWT algorithm.

1) On décompose sur les rangées. On check si l’énergie 
est conservée. On reconstruit pour revenir sur Lena. 

2) On décompose le résultat sur les colonnes. On check 
que l’énergie est conservée. On reconstruit pour 

revenir sur l’image du milieu. 
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Figure 3.15: 2D wavelet coe�cients.

Figure 3.16: Examples of images (top row) and the corresponding wavelet coe�cients (bottom row)
.

Forward 2D wavelet transform basic step. A basic step of the computation of the 2D wavelet
transform computes detail coe⇥cients and a low pass residual from the fine scale coe⇥cients

aj�1 ⌅�⇥ (aj , d
H
j , dV

j , dD
j ).

Similarly to the 1D setting, this mapping is orthogonal, and is computed using the 1D filtering and
sub-sampling formula (3.15) and (3.14).

One first applies 1D horizontal filtering and sub-sampling

ãj = (aj�1 ⇤H h̃) ⇤H 2

d̃j = (aj�1 ⇤H h̃) ⇤H 2,

where ⇤H is the horizontal convolution, that applies the 1D convolution to each column of a matrix

a ⇤H b[n1, n2] =
P�1�

m1=0

a[n1 �m1, n2]b[m1]
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Aujourd’hui

1. Décomposition - fwt2 
(check conservation d’énergie)

2. Reconstruction - ifwt2 
(check erreur nulle)

3. Approximation linéaire - linapprox  
(MxM premiers coefficients)

4. Approximation nonlinéaire - nonlinapprox 
(M^2 plus gros coefficients)
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Figure 3.15: 2D wavelet coe�cients.

Figure 3.16: Examples of images (top row) and the corresponding wavelet coe�cients (bottom row)
.

Forward 2D wavelet transform basic step. A basic step of the computation of the 2D wavelet
transform computes detail coe⇥cients and a low pass residual from the fine scale coe⇥cients

aj�1 ⌅�⇥ (aj , d
H
j , dV

j , dD
j ).

Similarly to the 1D setting, this mapping is orthogonal, and is computed using the 1D filtering and
sub-sampling formula (3.15) and (3.14).

One first applies 1D horizontal filtering and sub-sampling

ãj = (aj�1 ⇤H h̃) ⇤H 2

d̃j = (aj�1 ⇤H h̃) ⇤H 2,

where ⇤H is the horizontal convolution, that applies the 1D convolution to each column of a matrix

a ⇤H b[n1, n2] =
P�1�

m1=0

a[n1 �m1, n2]b[m1]



Example of Decomposition



Aujourd’hui

1. Décomposition - fwt2 
(check conservation d’énergie)

2. Reconstruction - ifwt2 
(check erreur nulle)

3. Approximation linéaire - linapprox  
(MxM premiers coefficients)

4. Approximation nonlinéaire - nonlinapprox 
(M^2 plus gros coefficients)
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Jmax = log2(n)�1; Jmin = 0;
MW = M;
for j=Jmax:�1:Jmin

A = MW(1:2^(j+1),1:2^(j+1));
for d=1:2

Coarse = subsampling(cconv(A,h,d),d);
Detail = subsampling(cconv(A,g,d),d);
A = cat3(d, Coarse, Detail );

end
MW(1:2^(j+1),1:2^(j+1)) = A;

end

Matlab code 5: 2D FWT algorithm, the input is M and the output is MW that stores all wavelet
coe⇥cients.
Fast 2D inverse wavelet transform. The inverse transform undo the horizontal and vertical
filtering steps. The first step computes

ãj = (aj ⇤V h) �V 2 + (dV
j ⇤V g) �V 2,

d̃j = (dH
j ⇤V h) �V 2 + (dD

j ⇤V g) �V 2,

where the vertical up-sampling is

(a �V 2)[n1, n2] =
�

a[k, n2] if n1 = 2k,
0 if n = 2k + 1.

The second inverse step computes

aj�1 = (ãj ⇤H h) �H 2 + (d̃j ⇤H g) �H 2.

Figure 3.19 shows in block diagram this inverse filter banks, that is the inverse of the diagram 3.17.

Figure 3.19: Backward 2D filterbank step.

The inverse Fast wavelet transform iteratively applies these elementary steps
Input: {d�

j }j0�j<J,� ⇥ {aj0}.
For j = j0, . . . , J + 1.

ãj = (aj ⇤V h) �V 2 + (dV
j ⇤V g) �V 2,

d̃j = (dH
j ⇤V h) �V 2 + (dD

j ⇤V g) �V 2,

aj�1 = (ãj ⇤H h) �V 2 + (d̃j ⇤H g) �V 2.

Output: f = aJ .

3.4 Wavelet Design
To be able to compute the wavelet coe⇥cients using the FWT algorithm, it remains to know

how to compute the scaling and wavelet functions. The FWT only makes use of the filters h and
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Figure 3.17: Forward 2D filterbank step.
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Figure 3.18: One step of the 2D wavelet transform algorithm.

These two forward steps are shown in block diagram in Figure 3.17. These steps can be applied
in place, so that the coe⇥cients are stored in an image of N pixels, as shown in Figure 3.18. This
gives the traditional display of wavelet coe⇥cients used in Figure 3.16.

Fast 2D wavelet transform. The 2D FWT algorithm iterates these steps through the scales:
Input: signal f ⇤ CN .
Initialization: aJ = f .
For j = J, . . . , j0 � 1.

ãj = (aj�1 ⇤H h̃) ⇥H 2,
d̃j = (aj�1 ⇤H h̃) ⇥H 2,
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dV
j = (ãj ⇤V g̃) ⇥V 2,

dH
j = (d̃j ⇤V h̃) ⇥V 2,

dD
j = (d̃j ⇤V g̃) ⇥V 2.

Output: the coe⇥cients {d�
j }j0�j<J,� ⌅ {aj0}.

The code 5 implements this 2D FWT algorithm.
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Figure 3.15: 2D wavelet coe�cients.

Figure 3.16: Examples of images (top row) and the corresponding wavelet coe�cients (bottom row)
.

Forward 2D wavelet transform basic step. A basic step of the computation of the 2D wavelet
transform computes detail coe⇥cients and a low pass residual from the fine scale coe⇥cients

aj�1 ⌅�⇥ (aj , d
H
j , dV

j , dD
j ).

Similarly to the 1D setting, this mapping is orthogonal, and is computed using the 1D filtering and
sub-sampling formula (3.15) and (3.14).

One first applies 1D horizontal filtering and sub-sampling

ãj = (aj�1 ⇤H h̃) ⇤H 2

d̃j = (aj�1 ⇤H h̃) ⇤H 2,

where ⇤H is the horizontal convolution, that applies the 1D convolution to each column of a matrix

a ⇤H b[n1, n2] =
P�1�

m1=0

a[n1 �m1, n2]b[m1]



Ondelettes Daubechies 2D 
horizontal, vertical, diagonal
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3.3.3 Isotropic 2D Wavelets
2D detail spaces. Introducing the wavelet orthogonal complements Wj leads to the following
decomposition

Vj�1 ⇤ Vj�1 = (Vj ⇥⇥ Wj) ⇤ (Vj ⇥⇥ Wj)
= (Vj ⇤ Vj) ⇥ (Vj ⇤ Wj) ⇥ (Wj ⇤ Vj) ⇥ (Wj ⇤ Wj).

In this decomposition, Vj ⇤ Vj is the coarse scale approximation, while one has the following
horizontal, vertical, and diagonal detail spaces

WH
j = Vj ⇤ Wj , WV

j = Wj ⇤ Vj , and WD
j = Wj ⇤ Wj .

Introducing the 2D wavelet detail space W (2)
j , one obtain the following decomposition

Vj�1 ⇤ Vj�1 = (Vj ⇤ Vj) ⇥ W (2)
j where W (2)

j = WH
j ⇥ WV

j ⇥ WD
j .

This leads to the following diagram of embedded spaces

Each of the three wavelet spaces is spanned with a wavelet

⇧⇤ ⌅ {V,H, D}, W�
j = Span{⇥�

j,n1,n2
}n1,n2

where
⇧⇤ ⌅ {V,H, D}, ⇥�

j,n1,n2
(x) =

1
2j

⇥�

⇤
x1 � 2jn1

2j
,
x2 � 2jn2

2j

⌅

and where the three mother wavelets are

⇥H(x) = ⇥(x1)�(x2), ⇥V (x) = �(x1)⇥(x2), and ⇥D(x) = ⇥(x1)⇥(x2).

Figure 3.14 displays an examples of these wavelets.

⇥H ⇥V ⇥D Support

Figure 3.14: 2D wavelets and their approximative support (right).

Discrete 2D wavelet coe�cients. We suppose that the analog image f0 ⌅ L2([0, 1]2) is sam-
pled consistently according to (3.16). Discrete wavelet coe⇥cients are defined as

⇧⇤ ⌅ {V,H, D}, ⇧J < j � 0, ⇧ 0 � n1, n2 < 2�j , d�
j [n] =  f0, ⇥�

j,n⌦ =  f, ⇥̄�
j,n⌦.

Approximation coe⇥cients are defined as

aj [n] =  f0, �C
j,n⌦.

This defines a discrete orthogonal wavelet basis of CN

�
⇥̄�

j,n \ J < j � 0, 0 � n1, n2 < 2�j , ⇤ ⌅ {H,V, D}
⇥

⌃ {�̄0,0},

where �̄0,0 = 1/
�

N is the constant vector. Figure 3.15 shows examples of wavelet coe⇥cients, that
are packed in an image of N pixels. Figure 3.16 shows other examples of wavelet decompositions.
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Hubel & Wiesel

Cellules complexes

Organisation orientationelles

du système visuel
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Histoire des ondelettes 
et de la multirésolution

Physique 1971 : décompositions atomiques. 
Kenneth Wilson

Physiologie (système visuel) :  
fonctions autosimilaires de Gabor 

Géophysique : chercher du pétrole sous la 
terre avec des ondelettes (Jean Morlet) 
1975. Fenêtre glissante de Gabor.
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Ondelettes de Morlet

Laisser le nombre d’oscillations 
constant

Changer la taille des fenêtres  
(étirer et comprimer comme  
un accordéon)

Nom: ondelettes de Gabor ou  
ondelettes de forme constante
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mathématique

Les ondelettes
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Orthogonales par rapport à leurs versions translatées
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Les ondelettes -  
microscope mathématique

Avant Mallat, il n’y avait pas de concept. Tout 
était construit et fait à la main 
(Haar, Sinus cardinal, Spline cubique, etc.)

Les ondelettes analyse le signal en 
augmentant progressivement l’échelle d’un 
facteur 2 -> 2 fois plus d’ondelettes à 
chaque échelle -> double la fréquence. Donc, 
le théorème d’échantillonnage est respecté
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Reproduction amibes:  
“Les amibes sont des protozoaires de l’environnement ;  
leur reproduction est asexuée par fission binaire.”
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En pratique, pas besoin de père ou de mère!

Besoin que du filtre passe-bas h 

À chaque échelle, 

filtre passe-bas forme une représentation 
grossière du signal

filtre passe-haut forme une représentation 
détaillée du signal
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Le père (fonction d’échelle) sert quand même 
à quelque chose

Déterminez les propriétés de la 
transformation

Accélérez les calculs

La transformée en ondelettes d’un signal de 
taille N demande le calcule de O(N) 
coefficients


