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Wish list

On a besoin d’une fonction (ou des) mathématique 
à support compact (fini, petit) 
i.e. pas des cos/sin avec support infini


On a besoin de plusieurs échelles (résolutions) pour 
s’ajuster aux détails et zones homogènes


On aime les bases orthonormales


Réelle


Rapide et efficace en mémoire



Intuition de la 

multi-resolution
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La pyramide Gaussienne
BURT AND ADELSON:  LAPLACIAN PYRAMID                                                                                                                                                                                  535

Fig. 4.  First six levels of the Gaussian pyramid for the "Lady" image The original image, level 0, meusures 257 by 257 pixels and each
higher level array is roughly half the dimensdons of its predecessor. Thus, level 5 measures just 9 by 9 pixels.

THE LAPLACIAN PYRAMID

Recall that our purpose for constructing the reduced image g1

is that it may serve as a prediction for pixel values in the

original image g0. To obtain a compressed representation, we

encode the error image which remains when an expanded g1  i s

subtracted from g0. This image becomes the bottom level of the

Laplacian pyramid. The next level is generated by encoding g1

in the same way. We now give a formal definition for the

Laplacian pyramid, and examine its properties.

Laplacian Pyramid Generation

The Laplacian pyramid is a sequence of error images L0, L1,

…, LN.  Each is the difference between two levels of the Gaussian

pyramid. Thus, for 0     <     1 < N,

Ll  = gl – EXPAND (gl + 1)

= gl — gl + 1. 1.

Since there is no image gN + 1 to serve as the prediction image for

gN, we say LN = gN.

Equivalent Weighting Functions

The value at each node in the Laplacian pyramid is the

difference between the convolutions of two equivalent weight-

ing functions hl, hl + 1 with the original image. Again, this i s

similar to convolving an appropriately scaled Laplacian

weighting function with the image. The node value could have

been obtained directly by applying this operator, although at

considerably greater computational cost.

Just as we may view the Gaussian pyramid as a set of low-

pass filtered copies of the original image, we may view the

Laplacian pyramid as a set of bandpass filtered copies of the

image. The scale of the Laplacian operator doubles from level to

level of the pyramid, while the center frequency of the passband

is reduced by an octave.

In order to illustrate the contents of the Laplacian pyramid,

it is helpful to interpolate between sample points. This may be

done  within the  pyramid   structure  by  Gaussian  interpolation.

Let Ll,n  be the result of expanding Ll n times using (2). Then, Ll,l

is the size of the original image.

The expanded Laplacian pyramid levels for the “Lady” image

of Fig. 4 are shown in the bottom row of Fig. 5. Note that image

features such as edges and bars appear enhanced in the Laplacian

pyramid. Enhanced features are segregated by size: fine details

are prominent in L0, 0, while progressively coarser features are

prominent in the higher level images.

Decoding

It can be shown that the original image can be recovered

exactly by expanding, then summing all the levels of the

Laplacian pyramid:

g0 = 

l

N

=

!
0

Ll, l.                                         (4)

A more efficient procedure is to expand LN once and add it to

LN – 1 , then expand this image once and add it to LN – 2, and so on

until level 0 is reached and g0  is recovered. This procedure

simply reverses the steps in Laplacian pyramid generation.

From (3) we see that

gN  = LN

and for l = N – 1, N – 2, …, 0,

gl = Ll  + EXPAND (gl + 1 ).

Entropy

If we assume that the pixel values of an image representation

are statistically independent, then the minimum number of bits

per pixel required to exactly encode the image is given by the en-

tropy of the pixel value distribution. This optimum may be ap-

proached in practice through techniques such as variable length

coding.

The histogram of pixel values for the "Lady" image is shown

in Fig. 6(a). if we let the observed frequency of occurrence  f(i)  

of each gray level i be an estimate of its probability of

occurrence  in  this and  other  similar  images, then  the  entropy

[Burt & Adelson, IEEE Com. 1983]



Pyramide Gaussienne



Pyramide Laplacienne
Level 0 = Original Image I - I *Gaussian(s) 
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Fig 5.  First four levels of the Gaussian and Laplacian pyramid. Gaussian images, upper row, were obtainedby expanding pyramid arrays (Fig. 4) 

through Gaussian interpolation. Each level of the Laplacian pyramid is the difference between the corresponding and next higher levels of the 

Gaussian pyramid.[Burt & Adelson, IEEE Com. 1983]



Reconstruction 
progressive

[Burt & Adelson, IEEE Com. 1983]

B
U

R
T

 A
N

D
 A

D
E

L
S

O
N

:  L
A

P
L

A
C

IA
N

 P
Y

R
A

M
ID

                                                                                                                                                                                  5
3

9

n
o

d
e 

v
alu

es, 
so

 
th

e 
b

it 
rate 

fo
r 

a 
g

iv
en

 
p

y
ram

id
 

lev
el 

is 
its

e
stim

a
te

d
 e

n
tro

p
y

 
tim

e
s 

its 
sa

m
p

le
 d

e
n

sity
, 

an
d
 th

e b
it 

rate fo
r

th
e im

ag
e is th

e su
m

 o
f th

at 
fo

r all le
v

e
ls. 

T
h
e sam

e 
p

ro
ced

u
re

w
as p

erfo
rm

ed
 o

n
 th

e “W
alter” im

ag
e; th

e o
rig

in
a
l 

is sh
o

w
n

 
in

F
ig

. 8
(c). w

h
ile th

e v
ersio

n
 en

co
d

ed
 at 0

.7
3

 
b

its/p
ix

e
l 

is sh
o

w
n

in
 

F
ig

. 
8

(d
). 

In
 

b
o

th
 

c
a
se

s, 
th

e
 

en
co

d
ed

 
im

a
g

e
s 

are 
a
lm

o
st

in
d

istin
g

u
ish

a
b

le
 

fro
m

 th
e o

rig
in

a
ls 

u
n
d
er 

v
ie

w
in

g
 

c
o

n
d

itio
n

s

as stated
 ab

o
v
e.P

R
O

G
R

E
S

S
IV

E
 T

R
A

N
S

M
IS

S
IO

N

It sh
o

u
ld

 also
 b

e o
b

serv
ed

 th
at th

e L
ap

lacian
 p

y
ram

id
 co

d
e is

p
articu

larly
 
w

ell su
ited

 fo
r p

ro
g

re
ssiv

e
 

im
ag

e 
tra

n
sm

issio
n

. 
In

th
is ty

p
e o

f tran
sm

issio
n

 a co
arse ren

d
itio

n
 o

f th
e im

ag
e is 

se
n

t

first to
 g

iv
e th

e receiv
er an

 early
 im

p
re

ssio
n

 
o

f im
ag

e c
o

n
te

n
t,

th
en

 
su

b
seq

u
en

t 
tra

n
sm

issio
n

 
p

ro
v

id
es 

im
ag

e 
d

etail 
o

f

p
ro

g
re

ssiv
e
ly

 
fin

e
r re

so
lu

tio
n

 
[5

]. T
h
e o

b
serv

er 
m

ay
 
te

rm
in

a
te

tra
n

sm
issio

n
 o

f a
n

 im
a
g

e
 a

s so
o

n
 a

s its c
o

n
te

n
ts 

are re
c
o

g
n

iz
e
d

,

o
r as so

o
n

 
as it b

eco
m

es ev
id

en
t th

at 
th

e im
ag

e w
ill n

o
t 

b
e 

o
f

in
te

re
st. 

T
o
 

a
c
h

ie
v

e
 

p
ro

g
re

ssiv
e
 

tra
n

sm
issio

n
, 

th
e 

to
p

m
o

st

lev
el 

o
f 

th
e 

p
y

ram
id

 
co

d
e 

is 
se

n
t 

first, 
an

d
 

ex
p

an
d

ed
 

in
 

th
e

re
c
e
iv

in
g

 
p

y
ra

m
id

 
to

 
fo

rm
 
an

 
in

itia
l, 

v
ery

 
co

arse 
im

ag
e. 

T
h
e

n
e
x

t lo
w

e
r le

v
e
l is th

e
n

 
tra

n
sm

itte
d

, 
e
x

p
a
n

d
e
d

, an
d
 ad

d
ed

 to
 th

e

first, an
d

 so
 o

n
. A

t th
e receiv

in
g

 
en

d
, th

e in
itia

l 
im

ag
e a

p
p

e
a
rs

v
ery

 
b

lu
rry

, 
b

u
t 

th
en

 
co

m
es 

stead
ily

 
in

to
 

“
fo

c
u

s.” 
T

h
is

p
ro

g
re

ssio
n

 is illu
stra

te
d

 in
 F

ig
. 9

, 
fro

m
 le

ft to
 rig

h
t. 

N
o

te th
a
t

w
h

ile
 

1
.5

8
 

b
its 

are 
req

u
ired

 
fo

r 
each

 
p

ix
e
l 

o
f 

th
e
 

fu
ll

tra
n

sm
issio

n
 

(rig
h

tm
o

st 
im

a
g

e
), 

a
b

o
u

t 
h

a
lf 

o
f 

th
e
se

, 
o

r 
0

.8
1

b
its, 

are n
eed

ed
 fo

r each
 p

ix
e
l 

fo
r 

th
e 

p
rev

io
u

s 
im

ag
e 

(se
c
o

n
d

fro
m

 rig
h

t, F
ig

. 9
), an

d
 0

.3
1

 fo
r th

e im
ag

e p
rev

io
u

s to
 th

at (th
ird

fro
m

 rig
h

t).

S
U

M
M

A
R

Y
 A

N
D

 C
O

N
C

L
U

S
IO

N

T
h

e L
ap

lacian
 p

y
ram

id
 is a v

ersatile d
ata stru

ctu
re w

ith
 m

a
n

y

a
ttra

c
tiv

e
 
featu

res fo
r im

ag
e p

ro
c
e
ssin

g
. 

It re
p

re
se

n
ts 

an
 im

a
g

e

as 
a 

series 
o

f 
q

u
asi-b

an
d

p
assed

 
im

ag
es, 

each
 

sam
p

led
 

a
t

su
c
c
e
ssiv

e
ly

 
sp

a
rse

r 
d

e
n

sitie
s. 

T
h
e 

re
su

ltin
g

 
co

d
e 

e
le

m
e
n

ts,

w
h

ich
 fo

rm
 a se

lf-sim
ila

r 
stru

c
tu

re
, are lo

c
a
liz

e
d

 in
 

b
o

th
 

sp
a
c
e

a
n

d
 sp

a
tia

l fre
q

u
e
n

c
y

. B
y

 a
p

p
ro

p
ria

te
ly

 c
h

o
o

sin
g

 th
e
 p

a
ra

m
e
te

rs

o
f th

e
 e

n
c
o

d
in

g
 
an

d
 
q

u
an

tizin
g

 
sch

em
e, 

o
n

e 
can

 
su

b
sta

n
tia

lly

red
u
ce 

th
e
 

e
n

tro
p

y
 

in
 

th
e
 

re
p

re
se

n
ta

tio
n

, 
an

d
 

sim
u

lta
n

e
o

u
sly

sta
y

 
w

ith
in

 
th

e
 d

isto
rtio

n
 

lim
its 

im
p

o
se

d
 b

y
 th

e se
n

sitiv
ity

 
o

f

th
e
 h

u
m

a
n

 v
isu

a
l sy

ste
m

.

F
ig

. 
1

0
 su

m
m

arizes th
e step

s 
in

 L
ap

lacian
 p

y
ram

id
 

c
o

d
in

g
.

T
h

e first step
, sh

o
w

n
 
o

n
 th

e far le
ft, 

is b
o

tto
m

-u
p

 
c
o

n
stru

c
tio

n

o
f th

e G
au

ssian
 p

y
ram

id
 im

ag
es g

0  , g
1  , 

…
, 

g
N  

[see 
(1

)]. 
T

h
e

L
ap

lacian
 p

y
ram

id
 im

ag
es L

0 , L
1 , …

, L
N   are th

en
 o

b
tain

ed
 
as th

e

d
ifferen

ce b
etw

een
 su

ccessiv
e 

G
au

ssian
 

lev
els 

[see 
(3

)]. 
T

h
e
se

are q
u
an

tized
 to

 
y

ield
 

th
e 

co
m

p
ressed

 
co

d
e 

rep
resen

ted
 

b
y

 
th

e

p
y

ram
id

 o
f v

alu
es C

l (ij) [see (5
)]. F

in
a
lly

, 
im

ag
e re

c
o

n
stru

c
tio

n

fo
llo

w
s an

 ex
p

an
d

-an
d

-su
m

 p
ro

ced
u

re [see (4
)] u

sin
g

 
C

 v
alu

es in

th
e p

lace o
f L

 v
alu

es. H
ere w

e d
esig

n
ate 

th
e reco

n
stru

cted
 im

a
g

e

b
y

 r
0  .

It 
sh

o
u

ld
 

also
 

b
e 

o
b

serv
ed

 
th

at 
th

e 
L

ap
lacian

 
p

y
ra

-
             

m
id

 en
co

d
in

g
 
sch

em
e req

u
ires 

re
la

tiv
e
ly

 
sim

p
le

 
c
o

m
p

u
ta

tio
n

s.

T
h

e co
m

p
u

tatio
n

s are lo
cal an

d
 m

ay
 b

e p
erfo

rm
ed

 in
 p

arallel, an
d

th
e 

sam
e 

c
o

m
p

u
ta

tio
n

s 
are 

iterated
 

to
 

b
u

ild
 

each
 

p
y

ra
m

id
      

lev
el fro

m
 its p

red
ecesso

rs. W
e m

ay
 en

v
isio

n
 p

erfo
rm

in
g

  L
ap

la-

Fig. 9.  Laplacian pyramid code  applied to progressive image transmission. High levels of the pyramid are transmitted first to give the receiver                               

a quick but very coarse rendition of the image. The receiver’s image is then progressively refinded by adding successively lower pyramid levels 

as these are transmitted. In the example shown here, the leftmost figure shows reconstruction using pyramid levels 4-8, or just 0.03 bits/pixel. 

The following four figures show the reconstruction after pyramid levels 3, 2, 1, and 0 have been added. The cumulative data rates are shown 

under each figures in bits per pixel.
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